ABSTRACT. We classify certain subcategories in quotients of exact categories. In particular, we classify the triangulated and thick subcategories of an algebraic triangulated category, i.e. the stable category of a Frobenius category.
INTRODUCTION
Exact categories were introduced by Quillen in 1972, and have since played an important part in various areas of mathematics. They serve as a categorification of large parts of classical homological algebra. For example, exact sequences, projective and injective objects are natural notions within this framework.
It turns out that exact categories are intimately related to triangulated categories, via the so-called Frobenius categories. These are exact categories with enough projective and injective objects, and in which the two classes of objects coincide. Given such a category, one may form its stable category, which is triangulated in a very natural way. The triangulated categories that arise in this way are called algebraic, and the ones that appear naturally in homological algebra (homotopy categories of complexes, derived categories) are all of this form.
Given a triangulated category, one may ask for a classification of its thick or just triangulated subcategories. In this paper, we provide such a classification for the algebraic triangulated categories, in terms of certain subcategories in the ambient exact categories. In fact, we classify subcategories in more general quotients of exact categories, not just stable categories of Frobenius categories.
PRELIMINARIES
We recall the notions of exact categories, quotient categories and Frobenius categories. The reader should consult [3] , [4] and [5] for a thorough introduction. Definition 2.1. Let E be an additive category and A f − → B g − → C a sequence in E . We call ( f , g ) a kernel-cokernel pair if f is a kernel of g and g is a cokernel of f . Let S be a family of kernel-cokernel pairs in E . If ( f , g ) ∈ S, then we call f an admissible monomorphism and g an admissible epimorphism.
We use the notations A B f and B C g to specify that f is an admissible monomorphism and g is an admissible epimorphism, respectively. Definition 2.2. Let E be an additive category and S a family of kernel-cokernel pairs in E . Assume that S is closed under isomorphisms and satisfies the following:
Ex0
1 0 is an admissible epimorphism, where 0 denotes the zero object. Ex1
The class of admissible epimorphisms is closed under composition.
Ex2
Admissible epimorphisms are stable under pullback along arbitrary morphisms:
op Admissible monomorphisms are stable under pushout along arbitrary morphisms:
In this case S is an exact structure on E and the pair (E , S) is an exact category. The elements of S are called short exact sequences.
From now on we fix an exact category (E , S). is short exact. (2) Any isomorphism is both an admissible monomorphism and an admissible epimorphism.
(3) An admissible epimorphism is in particular an epimorphism since it is a cokernel, and an admissible monomorphism is a monomorphism since it is a kernel. 
Since E is exact, the pushout along f and h exists, thus we get the following commutative diagram in E : 
It is easy to show that f ′ is the kernel of g h, hence ( f
Closed under isomorphisms: Let f : X → Y be an isomorphism and assume that X
We say that the exact structure on D is induced by the exact structure on E . A typical example occurs when E is an abelian category (with the standard exact structure) and D is a full, extension closed subcategory containing the zero object. Indeed, for essentially small categories, this is equivalent to the definition of exact categories.
Next we consider quotient categories. Recall first that a collection I of morphisms in a preadditive category is a (two-sided) ideal if Composition in the quotient category A /I is well defined, and associativity follows from that in A . Thus A /I is indeed a category.
Proposition 2.6. Let A be a (pre)additive category and I an ideal of A . Then the quotient category A /I is also (pre)additive.
Proof. Since I(X , Y ) is a subgroup of the abelian group Hom(X , Y ), the factor group
is also an abelian group. The bilinearity of composition in A /I follows directly from the bilinearity of composition in A . If 0 is a zero object in A , then it is a zero object in A /I as well since Hom(0, X ) and Hom(X , 0) will contain only one morphism. If a biproduct of X , Y in A is given by
then it is trivial to see that a biproduct of X , Y in A /I is given by
Now let A be a preadditive category and N a (full) subcategory which is closed under finite direct sums. Define I(X , Y ) ⊆ Hom(X , Y ) to the collection of be all morphisms which factor through some object in N , and denote by I the union of all I(X , Y ). Then I is an ideal of A , and we denote the corresponding quotient category A /I by A /N .
The quotient categories we typically have in mind are the stable categories of Frobenius categories. Recall that an object P in E is S-projective if for all admissible epimorphisms g : Y Z and for all morphisms a : P → Z there exists a (not necessarily unique) morphism b : P → Y such that a = g b:
Dually, an object I is S-injective if for all admissible monomorphisms f : X Y and for all morphisms a : X → I there exists a morphism b :
Furthermore, E has enough S-projectives if for all objects X there exists an admissible epimorphism g : P X with P an S-projective object, and enough S-injectives if for all objects X there exists an admissible monomorphism f : X I with I an Sinjective object.
Definition 2.7. An exact category (E , S) is
Frobenius if it has enough S-projectives, enough S-injectives and if projE = inj E , where proj E and inj E denote the collection of S-projective and S-injective objects, respectively. The stable category associated with E is the quotient category E := E / inj E . We use Hom(X , Y ) instead of Hom E (X , Y ) to denote the set of morphisms from X to Y in E . The equivalence class of a morphism f : X → Y in E will be denoted by f in E .
We assume throughout the rest of this section that our exact category E is Frobenius. Then there exists α :
Namely, since J is an S-injective object and µ is an admissible monomorphism, there
The stable category E is a triangulated category. The autoequivalence T : E → E is constructed by choosing, for all objects X , a sequence X I X ′ in S for with I an S-injective object and defining T X := X ′ . This assignment is functorial in the stable category: given a morphism f : X → Y there exist morphisms such that the following diagram commutes
and it is not hard to see that T ( f ) is uniquely determined in E . Now take a morphism f : X → Y in E and consider the following diagram
where C f is the pushout along µ and f . By [3, Proposition 2.12] there exists a morphism h : C f → T X such that the diagram commutes and (g , h) ∈ S. We call the triangle
− → T X and its image in E a standard triangle, and we denote by ∆ the collection of all triangles in E which are isomorphic to a standard triangle. The triple (E , T, ∆) is then a triangulated category.
CLASSIFYING SUBCATEGORIES
As in the previous section, we fix an exact category (E , S). Furthermore, we fix a full subcategory N which is closed under finite direct sums, and let E /N be the quotient category. We denote morphisms in E /N by f (the equivalence class of a morphism f in E ). Furthermore, denote by S N the collection of all sequences
for which there exists an isomorphism of sequences
We shall establish a bijection between certain subcategories of the exact category E and the quotient category E /N . Hence if two of A, B and A ⊕ B are in D, then so is the third by axiom (ii). We will use this fact repeatedly without referring to Remark 2.3 every time.
Our goal is to establish a one-to-one correspondence between the complete/thick subcategories of E containing N and the complete/thick subcategories of E /N , under the right assumptions. First we need to prove that complete and thick subcategories of E containing N are closed under isomorphisms when we pass to E /N . This is always true in the case of a thick subcategory, as the corollary of the next proposition shows. However, we need some extra assumptions in the case of a complete subcategory. with N ∈ N . Now define morphisms i , p by
since X , N ∈ D the 2 out of 3 property gives that X ⊕N ∈ D. Hence Y is a direct summand of an object in D, implying Y ∈ D.
Corollary 3.4. Let D be a thick subcategory of E containing N . Then D is closed under isomorphisms in the quotient category E /N : if X and Y are isomorphic in
We now state the additional assumptions we need to prove the above for complete (not necessarily thick) subcategories containing N . with N ∈ N such that either α is an admissible monomorphism or β is an admissible epimorphism.
As the following example shows, such subcategories appear naturally.
Example 3.6. If E has enough S-injective objects, then inj E is a factorization admissible subcategory. Indeed, we may take α to be an admissible monomorphism µ : X I as described in Remark 2.8. Moreover, inj E is closed under finite direct sums and direct summands. Similarly if E has enough S-projective objects, then proj E is a factorization admissible subcategory of E .
The other technical condition we need when we deal with complete subcategories is an adapted version of the Five Lemma. (ii) Dually, if g and h are isomorphisms and X = 0, then f is an isomorphism. in E with N ∈ N . Hence βα = 1 X , so X is a direct summand of N .
We now prove a version of Corollary 3.4 for complete subcategories. If instead β is an admissible epimorphism, consider the pullback
∈ S and a morphism of sequences in
As before, the fact that f and 1 0 are isomorphisms in E /N implies that C ∈ N ⊆ D, which again implies that Y ∈ D.
Recall that we have fixed a full subcategory N of our exact category E , and that this subcategory is closed under finite direct sums. We assume that N is factorization admissible only when stated. We now construct the maps {complete subcategories of E containing N } {subcategories of E /N } We first prove that F and G are maps between the two collections of complete subcategories, under the right assumptions. We now have the following main result, which follows from the above. Next we consider the special case where (E , S) is Frobenius and N = inj E , i.e. the quotient category E /N is the stable category E . Note that inj E is a factorization admissible subcategory of E as described in Example 3.6. 
with X From Theorem 3.15 and the above we deduce the following result. Now let R be a commutative Noetherian ring and denote by mod R the (abelian) category of all finitely generated R-modules. To simplify notation we define GprojR := Gprojmod R and projR := projmod R. Recall that a module M ∈ mod R is totally reflexive if the following hold:
where M * := Hom(M, R) denotes the dual module of M. We denote by G(R) the full subcategory of mod R consisting of all totally reflexive modules. It is well-known that
is Frobenius with the projective R-modules as the projectiveinjective objects.
Note that if a subcategory D of G(R) is closed under finite direct sums and direct summands, then it contains projR if and only if it contains the object R. Thus the condition that a thick subcategory must contain proj R can be replaced by the condition that it must contain the object R. Consequently, in this setting, Theorem 4.1 takes the following form. The ring R is a Gorenstein local ring if it has finite injective dimension as a module over itself. The maximal Cohen-Macaulay modules over a Gorenstein local ring are precisely the totally reflexive modules (cf. [2] or [8, Theorem 4.8] ). Thus CM(R) = G(R) = GprojR, and CM(R) is a Frobenius category. Consequently, in this setting, Theorem 4.2 takes the following form. The "thick" part of this result is known, c.f [7] . 
